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Effective criteria are presented for testing the sufficient condition of optimal
pursuit time (time of first absorption) for linear differential games that satisfy
the conditions of local convexity. The class of problems for which the suffici~
ent condition is also the necessary one is indicated,

1, Let the linear problem of pursuit in an n ~dimensional Euclidean space R be de-
fined by
a) the linear vector differential equation
dz/ dt = Cz — u-t+v (L1

where ¢ is a constant square matrix oforder n; u=u{() &P and v=v () EQ
are vector functions measurable for ¢ > 0, which are called the controls of players (the
pursuer and the pursued, respectively),and P CC R and Q C R are convex compacta;
and
b) the terminal set M which can be represented in the form M = M, |+ W,,
where M, is a linear subspace of space R and W, is some compact convex set in space
L and is the orthogonal complement of M, in R ,

We assume that conditions 1— 3 defined in [1] are satisfied for problem (1, 1), The
notation used here conforms to that in [1 — 3], We denote the sets n® (r) 2 and
a® (1) Q by P(r)and Q (r) ,respectively.

Note, The formula at the bottom of p, 208 of [2] contains an error {*), It should

d
e wp (= u Ty + & — o (g Ty &)

2, Definition, We say that a total sweep [3] takes place on set £ C [0, 4 o) ,
ifforany r & E the set w(r) = P (r) 2 @ (r) is nonempty and
w()+ Q=P 2.1

(see [4, 5] for the operation over convex sets),
Let ¢ &€ Kand r > 0. We denote by

%vw%ﬂgywvaFzgﬁﬁwm (2.2

ho(r. @) = max (@@ () 2) = Jax, @9 (2.3)

hir, @) = max (@-w) (2.4
w=w(r)

the basis spacing of sets P (r), @ (r) and w (r), respectively, considered in L (see [5]).

*) Editor's Note. In the English edition this formula appears at the top of page
196, PMM Vol, 37, N2 2, 1973,
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We set
w(r, @) = a® (NMu (r, ¢) — v (r, 9)]
Lemma 1, For a complete sweep of set E! it is necessary and sufficient for the
inequality
(e lw(rng)—w(rH V) >0 (2.9)
to be satisfied forall r& E,p = Kandp & K .
Proof. If a total sweep takes place on set £ ,then [5]

B(r, @)+ holr @) =hp(r, 9} r€E ¢o&KkK (2.6)

We denote by w* (r, ¢) € w (r) the vector which yields maximum in (2, 4). With the
use of (2, 1) and (2, 6) we find that vector w* (r, @) + n® (r) v (r, ) liesin P (r) and
yields the maximum in (2. 2), Hence by virtue of condition 1 in [1] we have w* (r, 9) +
a® (Nv(r, ¢ = ad(r)u(r, ¢ and,consequently, w(r, ¢) = w* (r, ) & w (). Simi=
larly, w(r, ¥) € w {r). Hence (2, 5) is a corollary of (2. 4) and of the definition of
w* (r, @),

Conversely, let us assume that (2, 5) is satisfied and consider the set

w* (r)== ] w(r, ¢)
oEK

We denote its convex envelope by w (r) = co w* (r) and the basis spacing of that enve~
lope by hitr, 9) (see (2.4)). We shall prove that

h (r, <P)E(‘P'w(rq P)) (2.7
In fact, for any w & w (r) there exist v -+ 1 vectors [6] ¥y, . . ., Y,y € K and numbers
Upy o ooy Gy € 10, 1] such that
w=ow(r, P+ ... ooy P fe=ay 4+ .. ooy
Setting in formula (2,58) ¢ =1;, i=1, ..., v+ 1, multiplying it by «,, and adding
the derived inequalities, we obtain
(p-lw(ry @) —wh >0 (2.8)

Since w (r, 9) € w (1), formula (2,7) is proved. Furthermore, since (2, 6) follows
from (2, 7), Theorem 12 in [7] yields (2, 1) and by virtue of Statement 2in[4] w (r) =
P (r) & Q (r). This proves that a total sweep takes place on set E.

Note, In conformity with the definition of the basis spacing and Theorem 12 in [7]
mentioned above, it is necessary and sufficient for vector w to lie in set w (), if ine-
quality (2, 8) is to be satisfied for all ¢ & X,

3, Condition A, We say that condition A is satisfied on set E [0, -+ oo} if
for each vector u & P there exists vector V (u) € @ such that for all r < E the inclu

ston A () [u— V(W] € w(r) 6.0
is achieved.

Let 7 be an arbitrary integer. It was shown in [3] that the satisfaction of condition
A along the segment [0, T} is a sufficient condition of global optimal time 7 (z) < T
of the upper layer {13,

Note, If the selection of vectorV (u)is in accordance with the procedure in [6] so as
to conform to condition A, the additional requirement for the measurability of related
controls (see [3]) is automatically satisfied,
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Throughout the following analysis we assume that condition 4 in [6] for dim P =
dim @ = v. is satisfied for problem (1. 1}, and that the linear subspaces M, and Mg
and vectors p and ¢ are such that

P*=pP—pC Mp, dimMp=v, Q* =0 —qC My, dim Mg = v

We denote by np and % the operators of orthogonal projections for £ on Mp and M,
respectively, Let us consider the linear image f (r) = a® (r) np : Mp — L. Since the
set P* (r) == f (r) P* derived from the set P (r) by a shift by vector n @ (r) p, has a
nonempty interior in L (Lemma 1 in [1]), hence f(r) is a mapping " onto" but, owing
to dim Mp = dim L,. f(r)is a homeomorphism, For similar reasons the mapping g (r)=
a® (r) ng : Mg — Lis a linear homeomorphism "onto". Hence their inverse images
fi{ir):L—>Mpand g1 (r): L > M @ are also linear homeomorphisms " onto” [8],
We denote by F (r): L —» Mpand G(r): L — M, the linear images conjugate of
f (ry and g (), respectively, i, e. such that satisfy equalities

(Fzy=(fOy G a2)=(@g()2)

forany * € L,y € Mp and z € M. Then F (r) and G (r) are homeomorphisms " onfo"
(8l and F (1) = ap®* (1) %, and G (r) = ny®* (7) = , and consequently, their inverse
images F1{r): Mp— L and G1(r) : Mg — L are also linear homeomorphisms "onto",

If the bases are fixed in each subspace L, Mp and M, ,the matrices of each of the
above images are nondegenerate analytic matrices of order v in the interval (0, + o)
whose elements are analytic functions of parameter v in (0, + oo) . Below we assume
these matrices to have been conveniently chosen, and shall deal with matrices instead
of images,

We denote by u* (r, ¢} and v* (r, @) the vectors for which the expressions(g- @ (r) u*),
u* € P*and (9-@ (r) v*), v* & Q* attain their respective maxima, It can be readily
verified that such vectors are unique for any r >0 and ¢€ K , and that v* (r, ¢) =
u(r, ) —p and v* (r, @) = v (r, ¢) — q.

We denote by @ the boundary of the convex set in the plane that contains it,

Note, Forany fixed 8 > 0 the image u (6, ¢) : KX » Mp -+ p is the homeomor-
phism of sphere X ontodP and v (8, @) is the homeomorphism of X ontc Q. In fact,
since f (r) is a homeomorphism " onto", every inner point of P* converts to an inner point
of set p* (r) = f (r) P*,and every point of the boundary aP* converts to a boundary point

of set P* (r) Since for (1} #"b ap* (7‘) — U nd (7‘) u* (T‘, q’)
=K

and {@-[x® (r) u* (r, ¢} — a® () u* (r, P)]) > 0,(condition 1 and Lernma 1 in {1}),
hence a® (r) u* (r, ¢) is a homeomorphism of K onto 8P* (r) and, consequently,

IP* = mgx L) n® )y u* (r, @) = qu u* (r, ¢) 3.2

and u* (r, @) is a homeomorphism of K onto 8P*. In conformity with the definition
of boundary 9P = 3P* - p [6], this yields
P = {J u{r, o)
eEK

and u (r, @) is the homeomorphism of K onto 8P. The second part of this remark is
proved in a similar manner,
We denote by K p and K the unit spheres in M p and M , respectively, Formula(3,2)
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shows that dP* is a locally convex surface. Denoting by u* (}), % € Kp the point of
surface gp* at which the external normal to §P* is equal to +, then foranyr >0, 9

K and VEKp of FO O . 0%
u (r,(p)=u (l!(r)(pl)' u (¢)=u*(r:”——1(’.)'ﬁ')

Similarly, by denoting by v* (}), ¥ € K the point of surface gQ* at which ¥ is the
external normal to 3Q*, we obtain
GNe . ,( ¢y )
v*(r, ¢) =o* (—IG(’)<P| ), v (P)=1v r'———lG'l(r)!bl

Lemma 2, Condition A is.satisfied in set X then and only then when for any u &
9P there exists V (x) € @ such that for any r & E (3. 1) is satisfied, To prove this
lemma it is sufficient to repeat verbatim the reasoning preser z d in [3],

Lemma 3, If complete sweeping takes place on set E , condition A is satisfied on
E ,then and only then when there exists' @ & E such that for any ¢ € Kand r € E the

inclusion ad () y (0, ¢) Ew () (3.5)

is achieved. Here and in what follows y (r, ¢) = u (r, ¢) — v (r, ¢) , In fact, for fixed
0 € E and in conformity with Note 3 the image 4 (0, ¢) is the homeomorphism of
sphere K onto aP, Hence by virtue of Lemma 2 inclusion (3, 5) ensures the satisfaction
of condition A,

Conversely, if condition A is satisfied, then by virtue of (3. 1)

WO u® Q=@ Vu® o)+ w, we&w(® (3.6)

Using equalities (2. 6) and (2, 2) — (2, 4) and the definition of vector » (8, ¢) [1] and the
scalar multiplication of (3, 6) by ¢, we obtain

V (u (0, ‘P)) =v (6, ':P) (3. 7)
which together with (3, 1) proves (3, 5),

Lemma 4. When conditions 1— 4 are satisfied for problem (1., 1) and-a total sweep
takes place in the half-interval (0, T'l, then to have condition A satisfied in
(0, T] it is necessary and sufficient if condition A is satisfied on every subset I C (0, T 1
which has in (0, T] a limit point, The necessity of this condition is evident, Let us prove
that it is sufficient,

Forfixed T& 7 andany r 171, ¢, and ¥ € K we have (see (2, 8) and (3.5))

GO (u ) —v(m W] —Tlu(r, ¢ —v(r, ) >0 (3.8

Setting @, = F~1(r) F (Y)p and ¥ = ¢,/ | ¢, j, in accordance with (3, 3) and (3.4) we
obtain

(3.3)

(3.4)

uir, P=uw* FOV/IFOV)+p=u* F@e/IF(Weh+tp=
(@) v(T, @ =vE P $r=hOV/EMNVI

A =GHNGMFIMF(N:L—L 3.9
is a nondegenerate linear transformation of space L.
Substituting the obtained expressions into formula (3, 8) and using the local convexity

of surface a® (v (r, K) (Lemma 1 in [1]), we obtain 0> (9@ () [v (r, ¥) — v (r, ) >
¢ (9 [¥ — Pr]) > 0. This shows that P, =1 and, consequently, for any ¥ € K (since* ¢

is arbitrary) AMY=|rh@®Y |V

where
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It follows from this that . [ 2 ()Y | = A (r) is, as in [2], independent of 1.

As pointed out above, k (r) is a matrix whose elements are analytic functions of para-
meter r & (0, -+ o), A (r) = A (r)E and r & I, i, e, all elements that do not lie on
the principal diagonal of matrix A (r) vanish at all points of set / which shows that
they are identically zeros, The diagonal elements of matrix k(r) are the same on set 7,
hence they are the same for all r. Thus

R(N=A(NE, re&(0,+ ) (3. 10)

Hence it follows from formula (3. 9) that the equality G (v) F71(v) = A (r) G () F~1 ()
holds for all r & (0, + o0} , Passing to conjugate transformations from this we obtain

B=1megmM=r(nftnegn)

Since k (r) is a matrix which is nondegenerate for any r & (0, + o0) and A (v) = 1,
hence A (r) > 0 for 0 << r <{ -+ oo. Setting a« (r) = 1/ A (r), we finally obtain

gM=oaf(NB 0lr 4o (3.11)

with B : M, — Mp an nondegenerate matrix,
If" r is any arbitrary number in the interval (0, T] ,then, setting

0=, w=nD (" y©®, ¢ and ¢, = F1(r) F (%) ¢,
and using (3, 3), (3. 4) and (3. 10) and Lemma 1, we obtain for any 1p"‘ & K the inequal-
ty W+ Lo (r, B*) — wl) = @*-[w (", B*) — w (r, @/ | g | )])) > 0

which by virtue of Note 2 yields (3,5), Hence, in conformity with Lemma 3 condition A
is satisfied in (0, '], The lemma is proved,

Lemma 5, If a complete sweep takes place in (0, 7] and condition A is not satis-
fied, then for any 06 < [0, 7] there exists a subset K (0) C K, which consists of a finite
number of cross sections of sphere A by subspaces of dimension < v — 1 (the emptiness
of set X (0) is not excluded) such that for any ¢ € K \ K (U) there exists a subset
E (g, 8) C (0, T], which has no limit points in (0, 7] such that

ad (r) y (0, @) & w (1) (3.12)

forall r [0, 7]\ E (¢, ).

Proof, Let r >0 and ¢ = K. Inclusion (3. 5) is achieved then and only then when
for any ¢ = K the inequality (3, 8) is valid(t -= 8) is assumed), From this, as from the
proof of Lemma 4,we have ¢-1 (r) G (8) ¢ = 7 (r, @) F~1(r) F (8) ¢, wherey (r, ¢) >0

or what is the same
H(rg=v( ¢ ¢ (3.13)

where H (r) = F-1(v) F () G2 (r) G (7) : L — L is the nondegenerate linear transforma-
tion of space L.

We assume that ¢ & N (0) , then and only then when equality(3,13) issatisfied with res-
pect to r on some subset D (9) of the interval (0, 1) which has in (0, 7] a limit point.
If the reference in L is chosen so that its first basis vector is vector ¢,then only the
first element of the first column of matrix H (r) is nonzero for all r & D (p). The ele~-
ments of matrix H (r) are analytic functions of parameter r, hence all elements of the
first column of matrix H (r), except the first, are identically zeros. This shows that equa~
lity (3, 13) is satisfied for all r = (0, + o).
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If among the vectors from N () there are no v linearly independent vectors, the set
N (8 lies in some (v — 1)~dimensional subspace L (U) ot space L. We thensetx (8) =
L (&) N K. If,however, g, . . ., ¢, = N (8) form the basis in L, v.en matrix H () in
that basis is for all r > ¢ of the diagonal form

H(r) = diag(M (1), « - - A, (M) (3.14)
where A; () = v (r, ¢;) are analytic functions of parameter r.
Let i3 < ... < ip be an arbitrary subsetof set {1, 2, ..., v}. We denote by L (i,
- ., ip) the linear envelope of vectors @iy, . . .+ ¢i, and set

K@= U L. ... i) NK)
<y

Let ¢ € K (0). We shall show that there exists a subset F (¢, 8) C (0, '] which has
no limit points in (0, T], and such that (3, 12) is satisfied for any r = (0, 7} \_E (g, 0) .
We prove this by contradiction, Let us assume that D (@) CC (0, T] has a limit point in
{0, 7] and is such that (3. 5) is satisfied for all r = D () , then equality (8. 13) is satis~
fied in D (¢) and, consequently, ¢ & N (8). Hence by distributing vector ¢ over the
basis ¢,, .. ., ¢, = K (6), we obtain

(p::a’lq)l_*_ LR +avq3v
v v
E[a’r(r, Mo, =1, 9= H(r)cp=2{a‘ki(r)lq>i, 0<r<+ o0
i=1 i=1
which implies that for each i = 1, ..., v either a® = 0,0r A; (N =7 (r ¢)-

Let us show that there exists an i, such that a'® == 0. This implies that¢ & L (1, . . .,
ig — 1, ig+ 1, ..., vy [} K C K {8), which is a contradiction that proves the lemma,

In fact, if ol ==0, i==1, ..., v, all functions A; (r) are the same,i,e. &; (*) =2 (r),
i=1,...,v, 0<r<+ co,

Hence by virtue of (3. 14) (1/ A (N)H (1) = H,-H, = E, where

Hy = (1 L (DF-L (OF () and 1, = 671 (1) G (9).

This means that #, = #,"! and, consequently, (1 / A (")h () = H,-H, = E.
We have obtained formula (3, 10) which ensures that condition A is satisfied in (0, 7]
(see the proof of Lemma 4),

4, Let us assume that the condition of complete sweep is not satisfied in the half-
open interval (0, T] or,if the complete sweep takes place, condition A is not satisfied.
Forany § e (0, T}, r & (0, 7] and ¢ e K we denote by O (r, 8, ¢) the set of all vec~

t hich
o8 < K for whic R, 0, =0a® @y —y 0 o) <0 (4.1

Note that for certain sets of r, 0, ¢ the set 0 (r, 0, ¢) is empty, Lemmas 1 and 5
ensure the nonemptiness of set O (r, 6, ¢) for at least one set of 7, 9, @.
We assume that for problem (1, 1) the following conditions are satisfied,
Condition B, Thereexists 8 < (0, 7), r=(0, 7, r==0, g = K, ¥ = 0 (r, 8.
o©) and 2z € R such that
o.0uU®Gn 8L

Ma <0 te 0, UE.8), r<o (4.2
nd (0) zp = WO, @), ad(r)z,= W(r, })
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Theorem 1, If condition B is satisfied for problem (1, 1), there exists in R a point
z4 at which the time T (z,) <{ 7 is nonoptimal,

Proof, Weset a=®* @), B=0* (NP and b=|a|Pp —{p|x,andshall
show that b+ ] (4' 3)

by contradiction, If & = 0,then B = cx, where ¢ =] f|/|a| and, consequently,
(B-u) = ¢ (a-u) for any u = P. Hence the maxima

max (- @ (6} u), max (CRURY (4.4

are reached on one and the same vector v, e P which is unique by virtue of condition 1
in [1]. From this we have u (8, ¢) = uq = u {r, ). For the same reason v (0, @) = » (r,
¥) and, consequently, the left~-hand side of inequality (4, 1) vanishes, which is a contra-
diction,

It follows from formulas (4. 1) — (4. 3) that z, is a "singular" point when 6 < r hence
by Theorem 2 in [2] there exists in R a point 2, at which the time T (z4} is nonoptimal,
Furthermore, the construction itself of the proof of that theorem yields the inequality
T (z4) <r < T. Thus the theorem is proved for the case of 6 < r,

The case of r < 0.Letus prove a more general statement,

Lemma 7, Let z, € R, k be anatural number,and 0 < r, < .. . <y <O T
be such that

AB(ridsg = Wiry, ¥;) i =14,...,k a®B)z= W@, ¢ (45
Azg, )<<0, t&[0, 1)U ... Ul rien) -+ U (rky ) (4. 6)
“i = p’ (ri7 wi’ 67 (P) < O’ i = 19 v ey k (4c 7)

Then there exists in R a point z, at which the time T (z4) << 7 is nonoptimal,
Proof, Let €, >0 besosmallthatfor 0 <2 < ¢, wehave v=1r, —e>> 0 and
T*=04 < T ., Weset .
f=0ofnt{00yE+s @)ds|
Then 0 -
Az, ) ((p(t, 8)~{W(t, P (t, &) — D (t —€) 75—

S“a’(‘“8+‘)y(9+8'¢)ds})=7~(zo,t—a)—~g(t,e). eSS
0
where @ (¢, &) =P (zg, t — &)

t

ste)= { @t n0 @) y@+s—t+e Q) —y(s, ot N ds
i—e
Since ¢ (¢, &) > ¥P; when ¢ ->r,and e ».0,andsince js— ¢+ e| << e — ¢ uni-
formly with respect to s & [t —e, ¢{] and t & [e, T] when & — 0 ,henceowing to the
continuity of all functions in the left-hand side of inequality (4, T), there exists a 6, 0 <
d<min{ey, r/3, (8 — rg)/5, min (r;4y — r;)/ 5}, such that for all
1<i<k

E3
iED":sU {r;— 28, r; 4 28}
=1
and all e & (0, 8) the inequality g (¢, &) << 0 is satisfied, This together with (4, 6)

ylelds Mz, Y <<0, tEDy eE€(0, §) (4.8)
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Let T, = T (z,). We shall show that
Te—>6, e~ 40 (4.9)

First, we note that n® (8 4 &)z, = W (8 -+ ¢, o), so thatT, < 0 + e (see [1]), Hence,
if (4. 9) does not apply, there exist a number y, 0 <y < 0, and a sequence e; —» +0,

h i =
such that ilf.lg T;=ryand Mo Ty =0 =1, 2. (4. 10)
where z; = z‘i and Tf =7 (zi) .

Since z; — z,, hence, owing to the continuity of function A (z, £), A (z, y) = 0, and
there exists a natural number m (1 < m < k) such that y = r,, and, consequently, the
inclusions &; & (0, 6) and T; € Dy are achieved for all reasonable great ; ., However,
this means that (4, 10) contradicts (4, 8).

Let us prove that for fairly small & the necessary condition of optimum (Theorem 2
in [1]) is not satisfied at point z, , and this will conclude the proof of the theorem and
Lemma 7. We prove it by contradiction, Let for any ¢ > 0

I(2, 1)=A(z, V>0 (4.17)
2e
x£=®(28) [ZS“S (D(—— S)y(Ta-—S, q)g)ds]: q)g=(p(zg)
0
Setting ¢, = ¢ (z,, 7),after some transformations (using the notation r = r; and
Y = ¥,), we obtain
0>71 (2, V=0, Fay+esta>a+a+ a (4.12)
where a; = (b [W (7, ¥;) — W (7, ¥)]) > 0 (Lemma 2 in [1]) and
r €
a== (¥ § 2OrE V). a=—(vS0r+e—ny s ) ar)
r—e 0
2
a4y = (\pt. S(D(r+e~»s)y(T£—s, «p,)ds)
o
Dividing inequality (4, 12) termwise by e > 0 , passing to limit & — 0, and using relation-
ships ¥, — ¢, T° - 9,and (4. 9) with its corollaries ¢, — ¢, when & — 0 and, also, the
uniform continuity of functions . (r, ¢) and v (r, 9) in [8, T] X X (see [2]), we obtain
%@ (ly @ @) —y () <O (4.13)
which contradicts (4, 5).
Note, It follows from the proof of the theorem that for the time T (z) of the upper
layer to be globally optimal it is necessary that the inequality (4, 13) is satisfied at any
point 3z, & R that satisfies condition (4. 2).

§ Letus assume that in addition to conditions 1 — 4 the following condition (see [2],
Sect, 5) is satisfied for problem (1, 1):
P Nu=a®@p+FfEAu*, v*=u—p uE?P
O Nv=nad (et g B, v*=v—q v
where 4 : Mp— L and B : Mq - L are linear homeomorphisms " onto", 7 (r) and £ (r)
are analytic functions that are positive in some half-open interval (0, 71, vectors p
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and q are defined in Sect,3, AP* = BQ* = S, W, = IS with [ > 0.and ! >> 0, when
f (r) < g (r)in some right-hand half-neighborhood of zero.
In that case ({2])

u* (r, Q)=U(9), v*(r, @ =V(g), AU(9)=¢
BV(p)=¢q, W(, o =h(@®e+ ¥t
where ' .
n =1+ —gma ¥o=a{onr—0od
0 0

We assume that & (1) >0 and t € (0, T).

Theorem 2, Let problem (1 1) under conditions of this Section be such that one
of the two sets of three {f (r), ¢ (nYyor {f (r), g (r), g’ (r)} is linearly independent
in [0, T]. We then have the followmg altematlves. either condition A is satisfied in
(0, 7], i.e.
' FO>em, 0€r<T (5.
and then the time 7T (z) < T is optimum [2, 9, 10], or (5. 1) is not satisfied,i.e, con=
dition A does not apply and there exists in £ a point z, at which the time 7 (zy) < 7T
is not optimal.
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